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The extension of quantum thermodynamics to situations that go beyond standard thermody-
namic settings comprises an important and interesting aspect of its development. One such a
situation is the analysis of the thermodynamic consequences of structured environments that in-
duce a non-Markovian dynamics. We study a quantum Otto refrigerator whose standard Markovian
cold reservoir is replaced by a specific engineered cold reservoir which may induce a Markovian
or non-Markovian dynamics on the quantum refrigerant system. The two dynamical regimes can
be interchanged by varying the coupling between the refrigerant and the reservoir. An increase of
non-Markovian effects will be related to an increase of the coupling strength, which in turn will
make the energy stored in the interaction Hamiltonian, the interaction energy, increasingly relevant.
We show how the figures of merit, the coefficient of performance and the cooling power, change for
nonnegligible interaction energies, discussing how neglecting this effect would lead to an overesti-
mation of the refrigerator performance. Finally, we also consider a numerical simulation of a spin
quantum refrigerator with experimentally feasible parameters to better illustrate the non-Markovian
effects induced by the engineered cold reservoir. We argue that a moderate non-Markovian dynamics
performs better than either the Markovian or a strong non-Markovian regime of operation.
I. INTRODUCTION
The theoretical description of thermal machines was funda-
mental to the development of classical thermodynamics, pro-
viding an operational understanding of the second law as es-
tablished by William Thomson (Lord Kelvin) [1] and Sadi
Carnot [2]. Moreover, the thermodynamic characterization of
heat engines and refrigerators is essential to engineering since
it provides tools for estimating the performance of such ma-
chines [3, 4]. In the same perspective, it is expected that the
development of quantum thermodynamics will play a similar
role in quantum engineering to the development of quantum
technologies [5–7].
Quantum thermal machines are excellent platforms to test
results from quantum thermodynamics [8–14], transforming
heat into work and vice versa. In the quantum heat engine
configuration, the purpose is to extract the largest amount of
work by absorbing the least amount of heat from a hot source.
On the other hand, in the quantum refrigerator setting, the
goal is to absorb the largest amount of heat from a cold source
by injecting the least amount of work into the refrigerant. The
performance of the former is characterized by the thermody-
namic efficiency and the power output, while that of the latter
by the coefficient of performance (COP) and the cooling power.
The theoretical underpinnings of the description of quantum
thermal machines dates back to the late 1950s with the early
works of Scovil and Schulz-Dubois [15, 16]. Since then, sev-
eral theoretical investigations on quantum heat engines and
refrigerators have been carried out [17–38].
From the experimental point of view, two microscopic classi-
cal heat engines [39, 40], a quantum refrigerator with trapped
ion [41], and a spin quantum engine in nuclear magnetic res-
onance (NMR) [42] have been recently implemented. Ad-
ditionally, a quantum Otto cycle on a nano-beam working
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medium [44] and a quantum heat engine using an ensemble of
nitrogen-vacancy centers in diamonds [45] have been reported.
In particular, the experiment reported in Ref. [44] employs
a squeezed thermal reservoir and demonstrated that the effi-
ciency of the quantum heat engine (that explores squeezing)
may go beyond the standard Carnot’s efficiency, corroborating
theoretical expectations [46–57].
Interaction with a squeezed thermal reservoir is not the
only generalized process that goes beyond the typical settings
in classical thermodynamics. For instance, engineered reser-
voirs [58], such as including coherence [59], have also been
addressed, evidencing that quantum properties can be used to
enhance the performance of quantum heat engines and refrig-
erators when compared to its conventional counterparts.
Reservoir engineering may be useful and important in differ-
ent physical setups, for instance, for cooling phonons [60] and
in circuit quantum electrodynamics [61]. Quantum fluctuation
theorems can be probed by using engineered reservoirs [62].
In the context of quantum thermodynamical processes an ap-
proach for reservoir engineering inducing non-Markovian dy-
namics has been considered in Ref. [63], where the complete
reservoir structure is composed of a Markovian part plus a
two-level system.
In recent years, advances in quantum technologies and quan-
tum control allowed the study of effects beyond the Born-
Markov approximation in open systems, enabling tests of mem-
ory effects in decoherence dynamics [64]. Although, in gen-
eral, the non-Markovian aspects of the dynamics are associ-
ated with a strong coupling between system and reservoir,
a non-Markovian dynamics may be observed in a weak cou-
pling regime, for instance, when the reservoir has a finite-size
(structured reservoir) [65]. Recently, non-Markovian aspects
in quantum thermodynamics have been studied from different
points of view, for instance, in the context of thermodynamic
laws and fluctuations theorems [66], in non-equilibrium dy-
namics [67], and their effects on the entropy production of
non-equilibrium protocols [68–70]. From the perspective of
quantum thermal machines, a promising avenue is emerging
with recent theoretical results illustrating how to use mem-
ory effects to improve the performance on quantum thermo-
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2dynamic cycles [71–73].
In this work, we are interested in studying and quantify-
ing the performance of a quantum Otto refrigerator in which
the particular structure of the engineered cold reservoir may
generate a non-Markovian dynamics on the quantum refriger-
ant. Due to the nature of our engineered cold reservoir, the
interaction energy between the refrigerant and the reservoir is
not negligible, having an important role in the performance.
Such an impact has been previously addressed for quantum
heat engines where the interaction energy was considered as
an additional cost for the performance [74, 75]. We show how
the expression for the COP and cooling power change, includ-
ing this contribution, and discuss how the interaction energy
impacts the performance of the refrigerator. Employing in-
complete thermalization with the engineered cold reservoir (at
the finite-time regime), we show that memory effects (non-
Markovianity) serve as a resource to increase the performance
of the quantum Otto refrigerator, provided we have a suffi-
ciently high control of the parameters involved in the cycle,
for instance, the time allocation in each stroke. We show that
the performance does not always improve as one increases the
memory effects but an intermediate no-Markovian dynamics
corresponds to the best performance. In order to illustrate
our results, we consider a numerical simulation of a single-
qubit quantum Otto refrigerator model.
This work is organized as follows. In section II we discuss the
model of engineered cold reservoir employed in the quantum
Otto refrigerator. Section III is devoted to present and discuss
the performance of the refrigerator, i.e., the role of memory
effects in the COP, cooling power, and injected power. We
provide analytical and numerical results employing experimen-
tally feasible parameters to illustrate that memory effects may
improve the performance of a quantum refrigerator. Finally,
in the section IV we draw our conclusions and final remarks.
II. QUANTUM OTTO REFRIGERATOR WITH
STRUCTURED COLD RESERVOIR
A. Model of the structured cold reservoir
Before describing the quantum Otto refrigerator, we detail
the model of the engineered cold reservoir, which induces a
non-Markovian dynamics on the refrigerant substance. The
cold reservoir is composed of two parts, a Markovian heat
reservoir and a two-level system (henceforth called auxiliary
qubit), as depicted in Fig. 1(a). The system (quantum re-
frigerant) will be regarded as a qubit, which interacts with
the cold reservoir by means of the coupling with the auxiliary
qubit. The Hamiltonian of the full composite system is given
by
HSAM = HSA +
∑
i
~ωib†i bi + ~κ
∑
i
gi
(
σA+bi + σ
A
−b
†
i
)
, (1)
where S, A, and M stand for system, auxiliary qubit, and
Markovian reservoir, respectively, bi (b
†
i ) is the bosonic annihi-
lation (creation) operator of the ith oscillator, which satisfies[
bi, b
†
j
]
= δij , κgi are the coupling constants, ωi are the fre-
quencies, and σ± = (σx ± iσy) /
√
2, where σx,y,z are the Pauli
matrices. The coupling between the auxiliary qubit and the
Figure 1. (a) Illustration of the structured cold heat reservoir
which can induce a non-Markovian dynamics on the refrigerant
of the quantum Otto refrigerator. It is composed of two parts, a
Markovian heat reservoir and a two-level system (auxiliary qubit).
(b)Time derivative of the trace distance between the |0〉 and |1〉
initial states for the system for different values of the ratio J/κ, 40
(red solid line), 10 (blue dotted line), and 0.5 (black dashed line) in
order to indicate the non-Markovian and Markovian regimes of the
model.
reservoir is assumed to be weak and flat so that the dynamics
is Markovian. The two-qubits Hamiltonian is given by
HSA =
∑
i=S,A
~ωi
2
σiz + ~JσSxσAx , (2)
where ~ωS and ~ωA are the energy gaps of the system S and
auxiliary qubit A, respectively, and J is their coupling con-
stant. Depending on the relative value between J and κ, the
dynamics of the refrigerant may become non-Markovian [63].
For further reference we denote by HSAint the last term on the
right-hand side of Eq. (2), i.e., the interaction Hamiltonian
between the refrigerant and the auxiliary qubit.
When the bosonic modes are in the thermal state it is possi-
ble to show that the two-qubits system SA evolves under the
3Lindblad master equation [63]
d
dt
ρSAt =−
i
~
[
HSA, ρSAt
]
+
+
∑
i=1,2
γ↓ (i)
(
LiρtL
†
i −
1
2
{
L†iLi, ρt
})
+
∑
i=1,2
γ↑ (i)
(
L†iρtLi −
1
2
{
LiL
†
i , ρt
})
, (3)
where γ↓ (i) = pi2J (i) [1 + nBE (i)] and γ↑ (i) =
pi
2J (i)nBE (i) are the decay rates, with spectral densityJ (ω) = κ/pi and Bose-Einstein distribution nBE (ω) =(
eβ~ω − 1)−1, and Li are the Lindblad operators (see Ap-
pendix A for more details). The quantities ~1 and ~2 are
the energy gaps between different energy levels of the Hamil-
tonian HSA (see Fig. A1).
There are different notions of non-Markovian dynamics for
quantum processes [76–78]. Independent of the precise def-
inition employed, non-Markovianity is always related to the
concept of memory in the dynamics. Here, we will adopt the
following notion: a system undergoes a non-Markovian dy-
namics if there is a flow of information from the environment
to the system. In particular, we consider the trace distance
as a measure of distinguishability (information) [77]. For two
arbitrary states ρ and σ, their trace distance is given by [79]
D (ρ, σ) = 1
2
Tr
[√
(ρ− σ)† (ρ− σ)
]
. (4)
We denote by Λt,0 [ρ (0)] = ρ (t) the one-parameter fam-
ily of dynamical maps. The dynamics is non-Markovian if
dD (ρ1 (t) , ρ2 (t)) /dt becomes positive at any time t and for
some pair of initial states ρ1 (0) and ρ2 (0) [77], thus being
a non-Markovian witness. Conversely, this means that, in a
Markovian dynamics, the distinguishability between any pair
of states always decreases monotonically in time, i.e., the
derivative of the trace distance is never positive. In other
words, in a non-Markovian dynamics there always exists some
pair of initial states for which the distinguishability (informa-
tion) increases at a given time. In particular, it is sufficient to
assume a pair of initially pure and orthogonal states to wit-
ness the non-Markovianity of a qubit system [80]. For that
reason, we consider such a pair of states to be the eigenstates
of σz, i.e., the states |0〉 and |1〉, in order to determine which
parameter regimes induce a non-Markovian dynamics into the
refrigerant substance [see Fig. 1(b)].
We assume that the refrigerant and auxiliary qubits are
resonant, 2piωS = 2piωA = 2.2 kHz, the vacuum decay rate
κ = 20 Hz, and the temperature T = 2~ωA/kB ≈ 6 pK
for the bosonic modes. These parameters are experimentally
achievable in NMR setups [83–86]. Using these parameters,
in Fig. 1(b), we show for which values of the ratio J/κ the
Markovian and non-Markovian regimes are achieved. When
J/κ = 40 and J/κ = 10 the derivative of the trace dis-
tance becomes positive and hence the system dynamics is non-
Markovian. On the other hand, for J/κ = 0.5, we numerically
considered 10000 pairs of initial states where one of the or-
thogonal states was varied throughout the north hemisphere
of the Bloch sphere. We found that the derivative of the trace
distance never becomes positive, hence we can suppose that
the dynamics is Markovian. The plot in Fig. 1(b) shows one
representative example of these curves for the mentioned pair
of initial states. As shown in Ref. [70], which studied a similar
structured environment, the asymptotic state for the system
and the auxiliary qubit is a correlated one and the reduced
system state is a Gibbs state with an effective inverse temper-
ature βeffc that is different from the inverse temperature of the
Markovian heat reservoir.
B. Quantum Otto refrigerator
Let us consider a quantum Otto refrigerator with a single-
qubit refrigerant and whose cycle is comprised by two driven
adiabatic (no heat exchange) and two undriven thermalization
strokes. In an Otto refrigerator with Markovian reservoirs,
work and heat exchanges are associated with the adiabatic and
undriven thermalization strokes, respectively. These thermo-
dynamic quantities can be obtained through the difference be-
tween the final and initial internal energies for a given stroke.
The internal energy at time t is given by Ut = Tr [ρtH (t)],
where ρt is the density operator of the refrigerant (system)
and H (t) is the Hamiltonian at a time t.
The refrigerant starts the cycle in the hot Gibbs state ρ0 =
ρeq,h0 = e
−βhH0/Zh0 , where βh = 1/kBTh is the hot inverse tem-
perature, H0 is the initial Hamiltonian, and Zh0 = Tr
[
e−βhH0
]
is the associated partition function.
In the first stroke a compression is performed on the refrig-
erant frequency, with driven Hamiltonian given by
Hcom (t) =
~ω (t)
2
σz, (5)
where the frequency is changed as a linear ramp as ω (t) =
(1− t/τ1)ω0 + (t/τ1)ωτ1 , with ω0 and ωτ1 (ω0 > ωτ1) be-
ing the initial and final frequency of the refrigerant, respec-
tively. Hence the initial Hamiltonian is H0 = Hcom (0) =
(~ω0/2)σz, where “com” stands for compression. Although
this stroke is performed for a finite time, the reduced den-
sity operator of the system will not present coherence in the
energy eigenbasis. This is specially due to the structure of
the driving in Eq. (5) which commutes at different times, i.e.,
[Hcom (t) , Hcom (t′)] = 0 for t 6= t′. For recent studies of non-
commutative driving in quantum Otto heat engines, we refer
to Refs. [38, 81]. In particular, in Ref. [38], a quantum Otto
heat engine that generates coherence in the energy basis due
to the non-commutativity of the Hamiltonian was considered.
It was shown that the effect of coherence in a finite-time Otto
cycle induces fast oscillations in the figures of merit for the
engine performance. In order to focus on the non-Markovian
effects due to the engineered cold reservoir, we considered the
commutative driving Hamiltonian in Eq. (5). The state at the
end of the first stroke is given by ρτ1 = Uτ1,0ρeq,h0 U†τ1,0, where
Ut,0 = T>exp
[
− (i/~) ∫ t
0
dsHcom (s)
]
is the time-evolution op-
erator, T> is the time-ordering operator, and t ∈ [0, τ1]. The
final Hamiltonian is Hcom (τ1) = (~ωτ1/2)σz, such that the
work performed on the refrigerant is given by 〈W1〉 = Uτ1−U0.
In the second stroke the refrigerant system interacts with
the engineered cold reservoir described in the previous sec-
tion whose Markovian part has an inverse temperature βc =
1/kBTc. During this stroke, the refrigerant Hamiltonian is kept
fixed at Hc (t) = (~ωτ1/2)σz along the time t ∈ [τ1, τ2]. For
further reference, we denote by ∆τc = τ2 − τ1 the duration of
4the second stroke. Moreover, some recent developments have
pointed out that incomplete (or partial) thermalization can
be used to reach a better performance in quantum heat en-
gines [38, 82]. For that reason we consider an incomplete ther-
malization, denoting by ρτ2 the state at the end of this stroke.
Furthermore, the structure of the engineered cold reservoir will
be set to generate a Markovian or non-Markovian dynamics on
the refrigerant substance. This choice is adjusted depending
on the ratio of the coupling constant J between the refrigerant
and the auxiliary qubit and the internal coupling κ between
the auxiliary qubit and the cold Markovian reservoir as consid-
ered in Fig. 1(b). Since κ should be small (weak coupling) the
regimes are essentially obtained by varying J . The heat ab-
sorbed by the quantum refrigerant is given by 〈Qc〉 = Uτ2−Uτ1 .
In the third stroke, the refrigerant is decoupled from the
structured cold reservoir and its frequency is increased from
ωτ1 to ω0 by means of an adiabatic expansion. The driving
Hamiltonian for this stroke is Hexp (t) = Hcom (τ1 + τ2 − t)
applied for the time interval t ∈ [τ2, τ3], where “exp” stands
for expansion. The final state is ρτ3 = Vτ3,τ2ρ2V†τ3,τ2 where
Vτ3,τ2 = T>exp
[
− (i/~) ∫ τ3
τ2
dt Hexp (t)
]
is the evolution oper-
ator associated to the adiabatic expansion. The time dura-
tion of the third stroke is assumed to be the same as for the
first stroke, i.e., τ3 − τ2 = τ1, so that Hexp (τ3) = Hcom (0).
The work performed on the refrigerant during this stroke is
〈W3〉 = Uτ3 − Uτ2 . At this point we can define the total work
performed on the refrigerant as 〈Wnet〉 = 〈W1〉+ 〈W3〉.
Finally, in the fourth stroke and in order to close the cy-
cle, this last stroke comprises a complete thermalization of
the refrigerant with the hot reservoir at inverse temperature
βh. During this process the Hamiltonian is kept fixed at
Hexp (τ3) = (~ω0/2)σz along the time t ∈ [τ3, τ4]. Once the
condition τ4 − τ3  τhrel is fulfilled, where τhrel is the relax-
ation time for the hot Markovian heat reservoir, the final state
reaches ρτ4 = ρ
eq,h
0 . The heat absorbed by the refrigerant is
given by 〈Qh〉 = Uτ4−Uτ3 . The total time duration of a single
cycle will be given by τcycle = τ4 = τ1 + ∆τc + τ1 + ∆τh.
Before we move forward to the discussion of the perfor-
mance, we define some other quantities that will turn out to
be relevant. In the second stroke, the first law of thermody-
namics implies that
〈
QSc
〉
+
〈
QRc
〉
+∆V SRc = 0, where −
〈
QRc
〉
is the energy released by the engineered cold reservoir R, and
∆V SRc is the change in the interaction energy between S and
R. The total energy released by the engineered cold reservoir
is, therefore, given by the expression
− 〈QRc 〉 = 〈QSc 〉+ ∆V SRc . (6)
For our model, the auxiliary qubit couples weakly to the
Markovian heat reservoir, hence we have ∆V SRc = ∆V SAc ,
where ∆V SAc = Tr
[
ρSAτ2 H
SA
int
]−Tr [ρSAτ1 HSAint ] is the interaction
energy of the SA composite system during the second stroke.
III. PERFORMANCE OF THE QUANTUM OTTO
REFRIGERATOR
The purpose of a refrigerator is to cool down the cold reser-
voir, hence the quantity that has to fundamentally be consid-
ered to assess the performance of a refrigerator is − 〈QRc 〉, i.e.,
the energy released by the cold reservoir. Therefore, the COP
is defined by
 =
− 〈QRc 〉〈
WSnet
〉 = 〈QSc 〉+ ∆V SRc〈
WSnet
〉 , (7)
where we used Eq. (6) to write the last equality. Similarly,
the cooling power will be given by 〈Γ〉 = − 〈QRc 〉 /τcycle while
the injected power is 〈P〉 = 〈WSnet〉 /τcycle. When the inter-
action energy is small compared to the heat absorbed by the
system, i.e.,
〈
QSc
〉
+ ∆V SRc ≈
〈
QSc
〉
, we can see that the usual
expression for the figures of merit of a refrigerator are recov-
ered. One such a situation happens in classical thermody-
namics, where the coupling between the refrigerant and the
reservoir is small (weak coupling regime). Not only that, the
refrigerant is a macroscopic system (a fluid or a gas) so that
the internal energy is larger, scales with the volume, than the
interaction energy, that scales with the area (boundary). On
the other hand, if the refrigerant is strongly coupled to the
reservoir, the interaction energy starts playing a role in the
thermodynamics [74, 75] and in the performance analysis of
the refrigerator.
We obtain the following analytical expressions for any quan-
tum refrigerant (and not only for a qubit), as described in Ap-
pendix B. We later restrict to our specific model again to
present our numerical analysis. The COP defined in Eq. (8)
can be written as
 = γ
Carnot
1 + CarnotL , (8)
where Carnot = (βc/βh − 1)−1 is the Carnot COP and
L = D
(
ρτ1 ||ρeq,cτ1
)−D (ρτ2 ||ρeq,cτ2 )+D (ρτ3 ||ρeq,hτ3 )
βh〈Qc〉 (9)
is the COP lag, previously defined for quantum engines [38,
42, 43]. The multiplicative term in Eq. (8) is given by
γ =
(
1 +
∆V SRc
〈QSc 〉
)
, (10)
and we call it the interaction-energy parameter. Similarly, the
cooling power can be written as
〈Γ〉 = γ
〈
QSc
〉
τcycle
. (11)
From these two equations we can see that the parameter γ
quantifies how the COP and the cooling power change in the
presence of a nonnegligible interaction energy between the re-
frigerant and the engineered cold reservoir.
In order to remain in the operation regime of a refrigera-
tor, the thermodynamic quantities must satisfy the constraints
− 〈QRc 〉 > 0, 〈Wnet〉 > 0, and 〈QRh 〉 < 0. These constraints
imply that the interaction-energy parameter must be posi-
tive, i.e., γ > 0 (see Appendix B). For our specific refrig-
erator cycle, the COP can be also written as  = γOtto,
where Otto = ωτ1/ (ω0 − ωτ1) (see Appendix C). Therefore,
the interaction-energy parameter should be upper bounded by
1 so that the COP is smaller than the Otto COP. For a wide
range of parameters, we verified numerically that our refriger-
ator does not surpass the Otto COP. If one assess the perfor-
mance of the refrigerator ignoring this parameter γ, either by
5simply not accounting for it or because one might not be aware
if the interaction energy is not negligible, the performance of
the refrigerator will be overestimated by precisely 1/γ. More
specifically, ignoring a parameter of γ = 0.9, the COP and the
cooling power would be overestimated by about 11%, meaning
that the computed COP and cooling power will be 11% larger
than the true COP and cooling power.
Before we present our numerical analysis, we note that we
have chosen a driving Hamiltonian that commutes at different
times, [Hcom (t) , Hcom (t′)] = 0. This implies an Otto cycle
without quantum friction [25, 38, 84, 87–92]. We assume this
dynamics for the driving Hamiltonian in order to solely fo-
cus on the non-Markovian aspects of the Otto cycle. Since
our refrigerator has no quantum friction, in the Markovian
regime where the interaction energy is negligible, γ = 1, the
refrigerator reaches the Otto COP,  = Otto. In the case the
non-Markovian regime, even in the absence of quantum fric-
tion, the Otto COP will not be generally reached, due to the
presence of the interaction energy.
In the following, we performed a numerical simulation of our
quantum Otto refrigerator, assuming energy scales compati-
ble with quantum thermodynamics experiments performed in
NMR setups [42, 83–86]. The initial and final gaps of the com-
pression stroke are chosen as ω0/2pi = 3.6 kHz and ωτ1/2pi =
2.2 kHz, respectively. The cold (Tc) and hot (Th) temperatures
are chosen such that Tc = 1/ (2.5ωτ1) and Th = 1/ (2.5ω0) with
inverse temperatures given by βc = 1/Tc and βh = 1/Th. Fi-
nally, we assume that the vacuum decay rates of the cold and
hot Markovian reservoirs are γc = γh = 20 Hz, where γc = κ
from Sec. IIA.
We see in Fig. 2 that the Markovian regime (dashed black
line) reproduces the expected results, the COP reaches the
Otto limit, since there is no quantum friction in our cycle. Fur-
thermore, the cooling power 〈Γ〉 decreases for second strokes of
long duration, for both the non-Markovian or the Markovian
regimes. We can clearly see the effect of the non-Markovian
dynamics on both the COP and the cooling power, which is
to induce oscillations of different amplitudes and frequencies,
depending on the ratio J/κ. For a larger ratio of J/κ [solid
red line in Fig. 2(b)] the cooling power oscillates quite more
frequently but does not have a maximum value that exceeds
considerably the maximum of a moderate ratio of J/κ [dot-
ted blue line in Fig. 2(b)]. In the non-Markovian regime,
the oscillation frequency increases considerably meaning that
a better control of the allocation time on the second stroke
is needed to end up in the peak of the cooling power curves.
On the other hand, in Fig. 2(a), a larger ratio of J/κ (solid
red line) degrades considerably the COP and the timescale for
the oscillations are much smaller than for the cooling power
[compare the insets in Figs. 2(a) and 2(b)]. This means that,
for larger values of J/κ an extremely good amount of control
should be necessary to make the refrigerator operate in the
maximum of the corresponding COP. We also see that for a
moderate ratio of J/κ (dotted blue line), although the COP is
smaller the the Otto COP it remains very close to it through-
out the time range considered in the plot. In other words, the
value of the COP for moderate values of J/κ does not change
much from its asymptotic value (reached for long time dura-
tions of the second stroke ∆τc). Therefore, for our model of
engineered cold reservoir, we can conclude that a moderate
non-Markovian dynamics (J/κ = 10) performs generally bet-
ter than a Markovian (J/κ = 0.5) or a strong non-Markovian
(J/κ = 40) regime. Comparing to the Markovian regime, the
Figure 2. COP (a) and cooling power (b) as a function of the time
of the second stroke ∆τc for three values of the ratio J/κ: 40 (solid
red line), 10 (dotted blue line), and 0.5 (dashed black line). The
oscillations of the COP are very fast, as seen in the inset of (a), and
hence the oscillations seen in (a) represent just a coarse-graining of
the actual oscillations. From both figures we can see that the larger
the ratio J/κ is, which implies a larger effect of the non-Markovian
dynamics, the larger the effect on the performance as well, namely
larger oscillation amplitudes and frequency of oscillations. For the
Markovian regime (J/κ = 0.5), there is no oscillation in the cooling
power, and the COP is the Otto COP, as expected from the fact that
our cycle has no quantum friction. We considered τ1 = 0.75 ms.
moderate non-Markovian regime has almost the same COP
and improves considerably on the cooling power. Whereas
comparing the moderate (dotted blue line) with the strong
(solid red line) non-Markovian regime, the COP is larger while
the cooling power oscillates with a smaller frequency, making
it easier to adjust the cycle time to operate in the optimal
regimes.
We now fix three values for the duration of the second
stroke ∆τc and analyze how the performance of the refrigera-
tor changes with the ratio J/κ, see Fig. 3. For a long second
stroke, ∆τc = 120 ms (dashed black line), the refrigerator and
auxiliary qubits practically reach its asymptotic state. We see
that the COP degrades very quickly with increasing J/κ, and
6that in the Markovian regime (J/κ > 0.5) it reaches the Otto
COP, see dashed black line in Fig. 3(a). The cooling power,
on the other hand, stays constant showing that in the asymp-
totic regime the non-Markovian regime is no better or worse
than the Markovian regime, see dashed black line in Fig. 3(b).
For a moderate duration of the second stroke, the COP still
decreases quickly but with an oscillating profile, whereas the
cooling power also does not represent a big difference between
the non-Markovian and Markovian regimes, see solid red lines
in Figs. 3(a) and 3(b). As expected, for a very short duration of
the second stroke, see dotted blue lines in Figs. 3(a) and 3(b),
and for the Markovian regimes, the COP is the Otto limit and
the cooling power is close to zero, since the refrigerant has not
much time to absorb the energy from the cold reservoir. When
the ratio J/κ starts to get larger, the non-Markovian dynam-
ics starts to impact more strongly, the cooling power increases
and, in fact, starts oscillating. It is interesting to note that
even though the COP is strictly smaller than the Otto COP
for the non-Markovian regime, it stays very close to the Otto
COP for a reasonable portion of the initial values of J/κ. Then,
there is a brief decay in the COP which starts increasing again
and stays almost constant before decreasing abruptly. This
behavior is notably different than for a moderate duration of
the second stroke. We highlighted in gray the range of the
J/κ parameter for which the cooling power is close to its max-
imum. For these shaded regions (in Figs. 3(a) and 3(b)), the
COP is about 99.8% and about 97.2% of the Otto limit, for the
first and second highlighted region from left to right, respec-
tively. These regions point out the most interesting parameter
regimes in which the refrigerator should be operated, among
the three plotted curves. Figures 3(a) and 3(b) show also how
the short duration of the second stroke plays a huge difference
in the performance of the non-Markovian refrigerator.
We finish our discussion in this section by showing how the
mutual information between the refrigerant and the auxiliary
qubit change in the second stroke, see Fig. 4. The mutual
information is given by IS:Aτ2 = S
(
ρSτ2
)
+ S
(
ρAτ2
) − S (ρSAτ2 ),
where ρSAτ2 , ρ
S
τ2 , and ρ
A
τ2 , are the composite SA, the refrigerant
S and the auxiliary qubit A states at the end of the second
stroke. The quantity S (ρ) = −Tr [ρ ln ρ] is the von Neumann
entropy. We see that, for J/κ = 40 (solid red line), the mutual
information oscillates very rapidly reaching a finite value at the
end, showing that the asymptotic SA state is correlated [74].
For a moderate non-Markovian dynamics, J/κ = 10 (dotted
blue line), the mutual information also oscillates, but with a
smaller frequency, reaching almost zero at the end. For the
Markovian regime, J/κ = 0.5 (dashed black line), the mutual
information is almost zero everywhere. Comparing the oscilla-
tions in the inset of Fig. 4 and those of the inset of Fig. 2(b),
we see that the peaks of the cooling power are not associated
directly to the peaks of the mutual information. The same
conclusion applies comparing the mutual information with the
inset of Fig. 2(a). This shows that, although the presence of
mutual information is important because it is related to the
non-Markovian dynamics, the improvement of the refrigerator
performance is not directly related to the correlation created
between the refrigerant and the engineered cold reservoir.
Figure 3. COP (a) and cooling power (b) as a function of the ratio
J/κ for three values of the duration of the second stroke ∆τc: 3
ms (dotted blue line), 50 ms (solid red line), and 120 ms (dashed
black line). The Markovian regime corresponds to values of about
or smaller than J/κ = 0.5. The gray area on both figures shows
the region of J/κ values for which the cooling power is close to its
maximum. We considered τ1 = 0.75 ms.
7Figure 4. Mutual information IS:Aτ2 between the refrigerant and the
auxiliary qubit at the end of the second stroke. For the strong
non-Markovian regime, solid red line with J/κ = 40, the mutual
information oscillates very rapidly, see the inset. The oscillatory
behavior of the plot is a coarse-graining of the true oscillations. We
can see that in the asymptotic regime, for a long duration of the
second stroke, the SA system reaches a correlated state with given
mutual information. In the Markovian regime the correlations are
zero (dashed black line) while for a moderate non-Markovian regime
(dotted blue line) it oscillates less frequently and almost reaches
zero at the end. We considered τ1 = 0.75 ms and 1 nat = 1/ ln 2 ≈
1.44 bit.
IV. CONCLUSIONS
We analyzed the performance of a quantum Otto refrigerator
whose refrigerant interacts with an engineered cold reservoir,
comprised by a Markovian reservoir and an auxiliary two-level
system. Depending on the coupling between the refrigerant
and the structured cold environment the dynamics of the re-
frigerant can be either Markovian or non-Markovian, changing
the performance of the refrigerator. In our model, the non-
Markovian regime is reached when the interaction between the
refrigerant and the reservoir is strong, in the sense that the
contribution of the interaction energy between the refrigerant
and the engineered reservoir cannot be neglected. Concisely,
the heat removed from the cold reservoir (the prime purpose of
a refrigerator) is not the heat absorbed by the refrigerant, be-
cause the interaction Hamiltonian stores a nontrivial amount
of energy.
Taking the interaction energy into account, we defined the
figures of merit for the refrigerator: the COP, the cool-
ing power, and the injected power. We showed that the
interaction-energy contribution can be recast as a parameter
γ, given by Eq. (10), multiplying the usual expressions for the
COP and cooling power, which disregard such a contribution.
These analytical expressions are valid irrespective of the na-
ture of the quantum refrigerant. In light of these expressions,
we can conclude that an overestimation of the refrigerator per-
formance would be made if such an interaction-energy contri-
bution was ignored in the analysis. In fact, it is in principle
possible to find an operation regime in which one might think
the refrigerator is working properly, because the refrigerant is
absorbing energy, but in fact it is not operating as a refrig-
erator at all, there is no energy being removed from the cold
reservoir. The increase in the refrigerant energy comes solely
from the interaction energy.
Performing a numerical analysis, we observed the expected
behavior for the Markovian regime of operation, reached for
a sufficiently small coupling between the refrigerant the en-
gineered cold reservoir. On the other hand, for the non-
Markovian regimes of operation, we see that both the COP
and the cooling power start oscillating, a feature coming from
the backflow of information from the non-Markovian environ-
ment. Both COP and cooling power oscillate faster as the
coupling non-Markovian effects increases, but the COP de-
creases significantly as well, while the cooling power increases
slightly for a small time of interaction between them (duration
of the second stroke). We conclude that, at least for the model
considered in our work, a moderate non-Markovian effect im-
proves the performance of the refrigerator, if compared to the
Markovian or strong non-Markovian regimes. We also point
out that in order to exploit the non-Markovian effects it is
important to operate the refrigerator in a sufficiently short in-
teraction timescale between the refrigerant and the engineered
cold reservoir.
The finite-time performance of the present quantum Otto
refrigerator may be enhanced by the information backflow pro-
vided one has sufficient control over the time allocated in each
stroke. The parameters considered in the numerical simulation
can be experimentally realized with current technologies, for
instance, in nuclear magnetic resonance setups. Along with
other studies addressing non-Markovian effects in quantum
thermodynamics, we hope that our analyzes help to unveil the
role of memory effects in quantum thermal machines.
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Appendix A. MASTER EQUATION OF THE
NON-MARKOVIAN MODEL
The master equation of the non-Markovian model employed
is given by Eq. (3). Here, we provide some details on the
derivation of this master equation. We will follow the approach
of Refs. [93, 94].
We begin considering the diagonalization of the two-qubit
Hamiltonian [Eq. (2)]
HSA =
∑
i=S,A
~ωi
2
σiz + ~JσSxσAx . (A1)
8Figure A1. Transition frequencies. Among the six positive frequen-
cies (from a low- to a high-energy level) only four appear on the
master equation due to the structure of the interaction Hamilto-
nian. These are shown in the energy diagram.
The eigenvectors and eigenvalues are:
|E3〉 = α |00〉+ ξ |11〉 and E3 = ~
2
√
4J2 + Ω2; (A2)
|E2〉 = η |01〉 − δ |10〉 and E2 = ~
2
√
4J2 + ∆2; (A3)
|E1〉 = δ |01〉+ η |10〉 and E1 = −E2; (A4)
|E0〉 = −ξ |00〉+ α |11〉 and E0 = −E3. (A5)
We introduced the parameters ∆ = ωS − ωA, Ω = ωS + ωA,
α =
Ω +
√
4J2 + Ω2√
4J2 +
(
Ω +
√
4J2 + Ω2
)2 , (A6)
ξ =
2J√
4J2 +
(
Ω +
√
4J2 + Ω2
)2 , (A7)
η =
∆ +
√
4J2 + ∆2√
4J2 +
(
∆ +
√
4J2 + ∆2
)2 , (A8)
and
δ =
−2J√
4J2 +
(
∆ +
√
4J2 + ∆2
)2 . (A9)
The master equation of the two-qubit system is given by [94–
96]
d
dt
ρSAt = −
i
~
[
HSA, ρSAt
]
+D (ρSAt ) , (A10)
where
D (ρSAt ) = ∑
ω∈F
∑
k,l=1,2
γkl (ω)
×
[
Al (ω) ρ
SA
t A
†
k (ω)−
1
2
{
A†k (ω)Al (ω) , ρ
SA
t
}]
(A11)
is the dissipator superoperator. We note that we have disre-
garded the Lamb-shift Hamiltonian since it contributes to an
overall energy shift. The set F is comprised by all, positive
and negative, transition frequencies ωnm = (Em − En) /~ for
m,n ∈ {0, 1, 2, 3}. Since the composite system SA is a four-
level system, there are 12 transition frequencies, 6 positive and
6 negative, ωnm and ωmn = −ωnm with n < m, respectively.
As we will explain below, among the 6 positive (or negative)
transition frequencies only 2 doubly-degenerate ones are rel-
evant to our problem (see Fig. A1). The positive transition
frequencies are ω01 = ω23 = 1 and ω02 = ω13 = 2, where
1 =
1
2
[√
Ω2 + 4J2 −
√
∆2 + 4J2
]
(A12)
and
2 =
1
2
[√
Ω2 + 4J2 +
√
∆2 + 4J2
]
. (A13)
Before we proceed, we rewrite the interaction Hamiltonian
[Eq. (1)] of the two-qubits system and the heat reservoir as
V AR =
∫ ωmax
0
dω h (ω)
(
σA+ ⊗ bω + σA− ⊗ b†ω
)
=A1 ⊗B1 +A2 ⊗B2, (A14)
where σ± = (σx ± iσy) /2 and the continuum limit has been
taken at the Hamiltonian level [94]. The defined opera-
tors are: A1 = σAx , A2 = σAy , B1 =
∫ ωmax
0
dω h (ω)
b†ω+bω
2 ,
and B2 =
∫ ωmax
0
dω h (ω)
ibω−ib†ω
2 . Using the relation Bi =∫ ωmax
−ωmax dω Bi (ω), one can obtain the operators B1 (ω) =
h(ω)bω
2 , B1 (−ω) = h(ω)b
†
ω
2 , B2 (ω) = i
h(ω)bω
2 , and B2 (−ω) =
−ih(ω)b†ω2 . Since there are two reservoirs operators, k, l ∈ {1, 2}
in Eq. (A11) and, therefore, there are four decay rates for each
transition frequency ω ∈ F .
First, we find the decay rates for a given ω, which are given
by the formula [94]
γkl (ω) =
∫ +∞
−∞
ds eiωsTrR
[
Bk (s)Blρ
R,eq]
=2piTrR
[
Bk (ω)Blρ
R,eq] , (A15)
where ω ∈ F and ρR,eq is the Gibbs state of the reservoir.
Knowing that TrR
[
aωa
†
ω′ρ
R,eq
]
= [1 + nBE (ω)] δ (ω − ω′),
TrR
[
a†ωaω′ρ
R,eq
]
= nBE (ω) δ (ω − ω′), and
TrR
[
aωaω′ρ
R,eq
]
= TrR
[
a†ωa
†
ω′ρ
R,eq
]
= 0, one can show for
the positive transition frequencies ω ∈ F+ = {ω ∈ F |ω ≥ 0}
that
γ11 (ω) =
pi
2
J (ω) [1 + nBE (ω)] , (A16)
γ12 (ω) = −ipi
2
J (ω) [1 + nBE (ω)] , (A17)
γ21 (ω) = i
pi
2
J (ω) [1 + nBE (ω)] , (A18)
and
γ22 (ω) =
pi
2
J (ω) [1 + nBE (ω)] , (A19)
9where nBE (ω) =
(
eβ~ω − 1)−1 is the Bose-Einstein distribu-
tion and J (ω) = [h (ω)]2 is the spectral density. On the
other hand, for the negative transition frequencies ω ∈ F− =
{ω ∈ F |ω < 0}, one finds
γ11 (−ω) = pi
2
J (ω)nBE (ω) , (A20)
γ12 (−ω) = ipi
2
J (ω)nBE (ω) , (A21)
γ21 (−ω) = −ipi
2
J (ω)nBE (ω) , (A22)
and
γ22 (−ω) = pi
2
J (ω)nBE (ω) . (A23)
Now, we need the operators Ak (ω), which come from the
system operators σAx and σAy . They are given by [94, 95]
Ak (ωnm) =
∑
Em−En=ωnm
ΠnAkΠm, (A24)
where the projection operators are Πn = |En〉 〈En|. Since
A1 = 1
S ⊗ σAx and A2 = 1S ⊗ σAy one can show that
ΠnA1Πm =
 0 αη − δξ − (αδ + ηξ) 0αη − δξ 0 0 αδ + ηξ− (αδ + ηξ) 0 0 αη − δξ
0 αδ + ηξ αη − δξ 0

(A25)
and
ΠnA2Πm =
 0 i (αη + δξ) −i (αδ − ηξ) 0−i (αη + δξ) 0 0 i (αδ − ηξ)i (αδ − ηξ) 0 0 i (αη + δξ)
0 −i (αδ − ηξ) −i (αη + δξ) 0
 . (A26)
Note how the operators Ak (ω) associated with the transition
frequencies ω03, ω30, ω12, ω21 are identically zero. That is
why these transition frequencies are not relevant, i.e., because
their associated operators are zero due to the structure of the
interaction Hamiltonian. Explicitly, one has
Ak (1) = Π0AkΠ1 + Π2AkΠ3, (A27)
Ak (2) = Π0AkΠ2 + Π1AkΠ3, (A28)
Ak (−1) = A†k (1), and Ak (−2) = A†k (2), for k ∈ {1, 2}.
In summary, there are four system operators, two for each
nondegenerate transition frequency 1 and 2. This means that
there will be four dissipative channels in the master equation
[see Eq. (3)]. Replacing the decay rates γkl (ω) and system
operators Ak (ω), one obtains the master equation employed,
whose dissipator is given by
D
(
ρSAt
)
=γ↓ (1)
[
L1 (1) ρ
SA
t L
†
1 (1)−
1
2
{
L†1 (1)L1 (1) , ρ
SA
t
}]
+γ↓ (2)
[
L2 (2) ρ
SA
t L
†
2 (2)−
1
2
{
L†2 (2)L2 (2) , ρ
SA
t
}]
+γ↑ (1)
[
L†1 (1) ρ
SA
t L1 (1)− 1
2
{
L1 (1)L
†
1 (1) , ρ
SA
t
}]
+γ↑ (2)
[
L†2 (2) ρ
SA
t L2 (2)− 1
2
{
L2 (2)L
†
2 (2) , ρ
SA
t
}]
,
(A29)
where γ↑ (k) = pi2 J (k)nBE (k), γ
↓ (k) =
pi
2 J (k) [1 + nBE (k)], L1 (1) = 2αη (|E0〉 〈E1|+ |E2〉 〈E3|),
and L2 (2) = 2αδ (− |E0〉 〈E2|+ |E1〉 〈E3|). We considered
the spectral density to be J (ω) = κ/pi.
Appendix B. COEFFICIENT OF PERFORMANCE,
COOLING POWER AND INJECTED POWER
Here we derive the expressions for the coefficient of perfor-
mance (COP), cooling power, and injected power in terms of
the interaction energy and COP lag. The COP  is written as
 =
− 〈QRc 〉〈
WSnet
〉 = (1 + ∆V SRc〈QSc 〉
) 〈
QSc
〉〈
WSnet
〉 , (B1)
where we used Eq. (6). The first factor is the γ parameter we
now we work with the second factor, which only depends on the
refrigerant quantities. From the first law of thermodynamics
applied to a closed cycle, 〈WS1 〉 + 〈WS3 〉 = −〈QSh〉 − 〈QSc 〉, we
can rewrite the second factor as
〈
QSc
〉〈
WSnet
〉 = − 〈QSc 〉〈
QSh
〉
+ 〈QSc 〉
= −
(
1 +
βh
〈
QSh
〉
βh 〈QSc 〉
)−1
. (B2)
We now find an expression for the two heat quantities.
Applying the identity D (ρt||ρeqt ) = β [U (ρt)− F eqt ]−S (ρt)
to the states at the end of the first and second strokes, respec-
tively, we obtain
D
(
ρτ1 ||ρeq,cτ2
)
= βc
[
U (ρτ1)− F eq,cτ1
]− S (ρτ1) , (B3)
and
D
(
ρτ2 ||ρeq,cτ2
)
= βc
[
U (ρτ2)− F eq,cτ2
]− S (ρτ2) . (B4)
From these two equations we can write
[U (ρτ2)− U (ρτ1)] =β−1c
[
D
(
ρτ2 ||ρeq,cτ2
)−D (ρτ1 ||ρeq,cτ2 )]
+ β−1c [S (ρτ2)− S (ρτ1)] , (B5)
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where we used that F eq,cτ2 = F
eq,c
τ1 since Hτ2 = Hτ1 and the
inverse temperature βc is the same.
In a similar way,
[U (ρτ4)− U (ρτ3)] =β−1h
[
D
(
ρτ4 ||ρeq,hτ4
)−D (ρτ3 ||ρeq,hτ4 )]
+ β−1h [S (ρτ4)− S (ρτ3)] , (B6)
where we used that F eq,hτ4 = F
eq,h
τ3 since Hτ4 = Hτ3 and the
inverse temperature βh is the same. Then, the heat absorbed
by the refrigerant during the second and fourth strokes are,
respectively,〈
QSc
〉
= β−1c
[
D
(
ρτ2 ||ρeq,cτ2
)−D (ρτ1 ||ρeq,cτ2 )]+ β−1c ∆S2 (B7)
and 〈
QSh
〉
= −β−1h D
(
ρτ3 ||ρeq,hτ4
)
+ β−1h ∆S4, (B8)
where we used the assumption that the final state of the fourth
stroke is always the thermal state, hence D
(
ρeq,hτ4 ||ρeq,hτ4
)
= 0.
Substituting Eq. (B8) into Eq. (B2) we obtain
 = −γ
(
1 +
∆S4 −D
(
ρτ3 ||ρeq,hτ4
)
βh 〈QSc 〉
)−1
. (B9)
For conservation of entropy in the cyclic cycle, ∆S2+∆S4 = 0,
we use ∆S2 from Eq. (B7) into Eq. (B9). Substituting we
obtain
 = γ
(
1
Carnot
+ L
)−1
, (B10)
where Carnot = (βc/βh − 1)−1 is the Carnot COP and
L = D
(
ρτ1 ||ρeq,cτ1
)−D (ρτ2 ||ρeq,cτ2 )+D (ρτ3 ||ρeq,hτ3 )
βh〈QSc 〉
(B11)
is the COP lag. Just rearranging the terms we get Eq. (8).
In order to operate in the refrigerator regime the engineered
cold reservoir must release heat, hence − 〈QRc 〉 > 0. The first
law applied to the refrigerant and engineered cold reservoir
gives ∆USR =
〈
QSc
〉
+
〈
QRc
〉
+ ∆V SRc = 0. From the sign
constraint we get − 〈QRc 〉 = 〈QSc 〉 + ∆V SRc > 0. Dividing by〈
QSc
〉
on both sides of the inequality we get γ > 0. Therefore,
the positivity of the parameter γ is a necessary condition to
operate the refrigerator.
Appendix C. REACHING THE OTTO COP
In order to know when the Otto COP is reached it is more
instructive to write the COP in terms another lag, which con-
tains the quasistatic reference state in the divergences. The
quasistatic state ρqs,hτ1 , respectively ρ
qs,c
τ3 , is the state reached
if the driving of the first, respectively the third, stroke is per-
formed quasistatically (infinitely slowly). Taking these states
as the reference states for the divergence one can show the
identities
D
(
ρτ1 ||ρqs,hτ1
)
= βh
ω0
ωτ1
U (ρτ1)− βhF eq,h0 − S (ρτ1) (C1)
and
D
(
ρτ3 ||ρqs,cτ3
)
= βc
ωτ1
ω0
U (ρτ3)− βcF eq,cτ3 − S (ρτ3) . (C2)
We note that these two identities are derived assuming a
qubit or harmonic oscillator refrigerant [38]. Using S (ρτ1) =
S (ρ0) = βhU (ρ0)− βhF eq,h0 into Eq. (C1) we obtain
D
(
ρτ1 ||ρqs,hτ1
)
= βh
ω0
ωτ1
U (ρτ1)− βhU (ρ0) . (C3)
Similarly, using S (ρτ3) = S (ρτ2) = βcU (ρτ2) − βcF eq,cτ2 −
D
(
ρτ2 ||ρeq,cτ2
)
into Eq. (C2) we obtain
D
(
ρτ3 ||ρqs,cτ3
)
= βc
ωτ1
ω0
U (ρτ3) +D
(
ρτ2 ||ρeq,cτ2
)− βcU (ρτ2) .
(C4)
Substituting U (ρ0) from Eq. (C3) and U (ρτ3) from Eq. (C4)
to write
βh
〈
QSh
〉
βh 〈QSc 〉
= − ω0
ωτ1
− F
βh 〈QSc 〉
, (C5)
where
F = D (ρτ1 ||ρqs,hτ1 )+ βhω0βcωτ1 [D (ρτ3 ||ρqs,cτ3 )−D (ρτ2 ||ρeq,cτ2 )] .
(C6)
The ratio in Eq. (C5) appears in the expression for the COP
in Eq. (B2). Substituting Eq. (C5) into Eq. (B2) we finally
obtain
 = γ
(
1
Otto
+
F
βh 〈QSc 〉
)−1
, (C7)
where Otto = ωτ1/ (ω0 − ωτ1) is the Otto COP. The COP can
be equivalently written as
 = γ
Otto
1 + Otto
F
βh〈QSc 〉
. (C8)
With this expression for the COP we can see how one can
reach the Otto COP. If there is no coherence in the energy
basis being generated in the first or third strokes, a condition
we satisfy by imposing that the driving Hamiltonian commutes
at different times, then one can show that F = 0 [38]. The
resulting COP, in this case, becomes  = γOtto, which is the
COP that is valid for our refrigerator. If the parameter γ = 1,
which is the case when the coupling between the refrigerant
and the engineered cold reservoir is sufficiently small, the COP
reaches the Otto COP, even operating at finite times.
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